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al response is simulated in “rotating-cup” bioreactors with unidirectional
modulations in compressive stress at the cylindrical wall that stimulate bone-tissue growth. Anchorage-
dependent mammalian cells (i) adhere to a protein coating, (ii) receive nutrients and oxygen from an
aqueous medium via radial diffusion toward the active surface, and (iii) respond to physiological modulations
in centrifual-force-induced fluid pressure at the cell/aqueous-medium interface. This process is modeled by
the classic diffusion equation (i.e., Fick's second law), with a time-dependent reaction/diffusion boundary
condition at the wall. Non-reversing angular velocity modulations resemble pulsations at physiological
frequencies. Computer simulations of nutrient consumption profiles suggest that rotational bioreactor
designs should consider the effects of normal stress when the pressure-sensitive Damköhler number (i.e.,
ratio of the pressure-dependent zeroth-order rate of nutrient consumption relative to the rate of nutrient
diffusion toward active cells adhered to the cylindrical wall), evaluated under steady rotation, is greater than
≈10–20% of the stress-free Damköhler number (i.e., β0,1st-order=0.025) for simple 1st-order stress-free
kinetics, and ≈1% of the stress-free Damköhler number (i.e., β0,2nd-order=0.40) for complex 2nd-order stress-
free nutrient consumption. When the peak-to-peak amplitude of angular velocity modulations of the
cylindrical wall is the same as or larger than the angular velocity for steady rotation, the effect of non-
reversing centrifugal-force-induced dynamic normal stress in rotational bioreactors, superimposed on steady
rotation, can be significant when one is below the critical value of the pressure-sensitive Damköhler number
that has been identified under steady rotation.

© 2008 Elsevier B.V. All rights reserved.
1. Introduction

Rotational bioreactors can impose shear or compressive stress on
anchorage-dependent cells to stimulate proliferation [1]. In this investiga-
tion, non-reversing dynamic normal stress at physiological frequencies is
superimposed on “constant pressure at the cylindrical wall” to analyze
effects on nutrient consumption. In the absence of continuous flow,
nutrient depletion in the aqueous medium is described by the diffusion
equationwith a time-dependent reaction/diffusionboundary condition at
thewall, enhanced by centrifugal-force-induced normal stress. Assistance
from non-equilibrium thermodynamics provides a fundamental
approach to describe stress-dependent nutrient consumption at the
cell/aqueous-medium interface [2]. Under isotropic conditions where the
transport coefficients are scalars,flux-i is coupled to force-j if the tensorial
ranks of flux-i and force-j are the same or if they differ by an even integer
[3–5]. This classic theorem for flux-force relations is known as the Curie
restriction in isotropic systems, proposed by P. Curie in 1903 [3]. As a
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consequence of Curie's theorem in N-component systems, via the
transport-phenomena-based rate of entropy production per volume of
fluid, there areNfirst-rank tensorialfluxes that are coupled toNfirst-rank
tensorial forces via linear laws [5]. Soret diffusion and Dufour conduction
represent examples of these couplings between vector fluxes and driving
forces in heat andmass transfer [6,7]. Curie's theorem predicts that scalar
ratesofproductionof themassof species idue tochemical reaction should
be coupled to the velocity gradient tensor, but this coupling is typically
discarded based on physical rather than mathematical arguments [4],
even though experiments have not been designed to investigate this
unusual coupling [3]. If Curie's theorem is interpreted rigorously, then it
becomespossible todescribequantitativelyhownormal pressure stress at
the cell/aqueous-medium interface influences the scalar rate of nutrient
consumption, because there is a connection between nutrient consump-
tionandanchorage-dependentproliferationofbonecells,where the latter
is stimulated by compressive stress [8,9]. There is experimental evidence
in the research literature that low-amplitude high-frequency (i.e., 30 Hz)
mechanical strain stimulates the proliferation of cancellous bone [10].
Hence, dynamic angular velocity modulations are included in this
investigation, as well as Fourier analysis of these modulations via the
fluctuation-dissipation theorem [4] to quantify the effect of frequency on
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entropy generation and nutrient consumption. The description and
analysis of “rotating-cup” bioreactors are specific to the consumption of
nutrients by anchorage-dependent bone cells bound to the protein-
coated cylindrical wall. Non-equilibrium thermodynamics is employed
to describe rates of nutrient consumption in biological systems that are
stimulated by normal stress at the cell/aqueous-medium interface.
Theoretical analysis and computer simulations in this research
contribution are influenced strongly by the construction of linear
transport laws in chemically reactive systems that obey Curie's theorem,
which predicts the existence of cross-phenomena between fluxes (i.e.,
scalar reaction rates) and driving forces (i.e., second-rank velocity
gradient tensor) whose tensorial ranks differ by an even integer—in this
case, two. This example of scalar cross-phenomena is extrapolated to
include effects of normal stress on nutrient consumption when
centrifugal-force-induced contributions to fluid pressure aremodulated
by rotation of the cylindrical wall. There is experimental evidence that
centrifugal force fields can be employed to seed cells in porous
polymeric scaffolds [11]. The methodology described herein introduces
a pressure-sensitive zeroth-order contribution to heterogeneous reac-
tion rates that must be quenched via Heaviside step functions when
nutrients or oxygen are not available for consumption. This bioreactor
model is based on the unsteady state diffusion equation (i.e., Fick's
second law) with a time-dependent reaction/diffusion boundary
condition due to harmonic modulations in fluid pressure at the rotating
cylindrical wall. There are essentially no publications in the research
literature thatmatch the following combination of keywords: bioreactor,
diffusion, centrifugal force, pressure-sensitive nutrient consumption.

2. Development of the pressure-sensitive bioreactor model

2.1. Receptor-mediated cell-protein binding

Active poly(amino acid) sites are identified by favourable protein
conformations within an aqueous layer on the inside surface of the
cylindrical wall (i.e., at r=Rwall) that expose functional groups which
participate in interactions with cell receptors. Stronger chemical bonds
between adjacent receptors, due to the formationof receptor complexes,
and stronger cell-protein binding energies increase cell fractional
surface coverage. Larger exothermic binding energies (i.e., greater
affinity) are consistent with an increase in the activation energy for
desorption (i.e., same barrier energy but a deeper potential well in the
adsorbed state), a decrease in the kinetic rate constant for desorption, an
increase in the equilibrium constant for protein-ligand binding, and an
increase in the equilibrium fraction of active protein sites that are
occupied by cell receptors. Centrifugal force fields between 35 g and
52 g, via rotation at 2500 rpm, have been employed previously [11] to
seed smooth muscle cells in porous poly(glycolic acid) scaffolds.

2.2. Stress-free rate of nutrient consumption

Within reasonable physiological limits, 2nd-order stress-free
heterogeneous reaction rates for nutrient consumption are expressed
in terms of (i) nutrient mass density on the inside surface of the
cylindrical wall, ρNutrient(r=Rwall,t), and (ii) oxygen mass density on
the inside surface of the cylindrical wall, ρOxygen(r=Rwall,t). Both mass
densities have dimensions of mass per volume of the aqueous
medium. Hence, the stress-free rate of nutrient consumption, with
dimensions of nutrient mass per surface area per time, is;

−RA;SurfaceRx = k2;Surface ρNutrientf gr = Rwall
fρOxygengr = Rwall

: ð1Þ

Eq. (1) provides a mathematical representation of the rate of
nutrient consumption at the cell/aqueous-medium interface, inwhich
nutrients and dissolved oxygen are consumed by protein-bound bone
cells such that nutrients and oxygen do not occupy protein sites on the
active surface.
3. Stoichiometric requirement via diffusion in the aqueous
boundary layer adjacent to the cylindrical wall

One invokes a balance between diffusion and reaction at the
cylindrical wall in this rotational bioreactor. Nutrients diffuse radially
outward toward anchorage-dependent cells, as specified by the rate of
nutrient consumption. There exists a relation between nutrient and
oxygen diffusional mass fluxes in the radial direction, evaluated at the
wall, according to the cascade of physiological reactions that occur. The
heterogeneous nature of this bioreactor design restricts the applicability
of stoichiometry between nutrients and oxygen to the cylindrical wall at
r=Rwall, where consumption occurs. Hence, at the well-defined cell/
aqueous-medium boundary, the appropriate relation between diffu-
sional mass fluxes, with dimensions of mass per area-time is;

1
eNutrient

DNutrient
AρNutrient

Ar

� �
r = Rwall

=
1

eOxygen
DOxygen

AρOxygen

Ar

� �
r = Rwall

: ð2Þ

Since each side of Eq. (2) depends on time t, integration from
initial time tinitial to present time t yields the following approximation
for the time-dependent mass density of oxygen near the cylindrical
wall, which is required for quantitative evaluation of the rate of
nutrient consumption;

ρOxygen r = Rwall; tð Þ = ρOxygen r = Rwall; t = tinitialð Þ

−
eOxygenDNutrient

eNutrientDOxygen
ρNutrient r = Rwall; t = tinitialð Þ−ρNutrient r = Rwall; tð Þf g:

ð3Þ

Ordinary molecular diffusion coefficients for nutrients and oxygen in
the aqueous medium scale inversely with the square-root of molecular
weight [12], εOxygen/εNutrient (i.e., ≈2–4%) represents the ratio of oxygen
mass depleted relative to nutrient mass depleted during nutrient
consumption, and within reasonable physiological limits, the initial mass
density of dissolved oxygen is approximately 5–7% of the initial nutrient
mass density. If the stoichiometry of oxygen-to-nutrient consumption is
affected when bone cells are subjected to normal stress, then the initial
condition in Eq. (3) should consider this modification to guarantee that a
sufficient amount of oxygen is available for aerobic nutrient consumption.

4. Linear law for pressure-sensitive rates of nutrient consumption

If one focuses on fluxes and driving forces that appear as products
in the rate of entropy generation per unit volume sG for binary
mixtures, from the transport-phenomena-based equation of change
for fluid entropy [4];

sG =

− qConduction−
μA;ChemPotential

MWA
−
μB;ChemPotential

MWB

� �
jA;Diffusion

� �
� 1
T2 jT

−jA;Diffusion �
1
T

gB;ForceField−gA;ForceField
� 	

+j
μA;ChemPotential

MWA
−
μB;ChemPotential

MWB

� �� �

−RA;SurfaceRx
1
T

μA;ChemPotential

MWA
−
μB;ChemPotential

MWB

� �

−τViscousStress :
1
T

jvf gVelocityGradientTensor

8>>>>>>>>>><
>>>>>>>>>>:

9>>>>>>>>>>=
>>>>>>>>>>;

ð4Þ

then Curie's theorem suggests that the scalar flux −RA,SurfaceRx, better
known as the rate of nutrient consumption, with dimensions of
nutrient mass per surface area per time, should depend linearly on
both scalar (i.e., µA/MWA−µB/MWB) and 2nd-rank tensor (i.e., ▿v)
driving forces that appear on the right sides of the 3rd and 4th lines of
sG in Eq. (4). If necessary, RA,SurfaceRx can be written in pseudo-
volumetric form via multiplication by the active-surface-to-volume
ratio of the bioreactor, =2/Rwall. For pseudo-binary systems that are
not far removed from equilibrium, the appropriate linear law for scalar
cross-phenomena that satisfies Curie's restriction is written in the



Fig. 1. Time-dependent angular displacement Θ(t) and angular velocity dΘ/dt of the
cylindrical wall at r=Rwall, according to Eq. (6), simulating pulsatile normal stress in
rotational bioreactors. Parametric values; Ω≈0.42 rad/s (i.e., 4 rpm), ω=2π rad/s, peak-
to-peak amplitude of angular velocity modulations A=0.42 rad/s.
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following form for shear-stress-sensitive systems via themagnitude of
the velocity gradient tensor [2]. Then, this coupling between zeroth-
rank and 2nd-rank tensors is extrapolated to heterogeneous pressure-
sensitive reactionswhen shear-free fluidmotion produces centrifugal-
force-induced normal stress at the wall;

Generalized kinetic rate law for stress−sensitive nutrient consumption

−RA;SurfaceRx = nA1
1
T

μA

MWA
−

μB

MWB

� �
+ nA2

1
T

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1
2

jvf g : jvf gT
r

Onsager coupling coefficients; nA1 and nA2

nA1 = αT; nA2 = γT

Extrapolation to heterogeneous pressure−sensitive reactions

−RA;SurfaceRx = k2;Surface ρNutrientf gr = Rwall
ρOxygen

n o
r = Rwall

+ γ p r = Rwall; hzi; tð Þ−p r = 0; z = 0ð Þ−ρghzif g:

ð5Þ

Linear approximations in the thermodynamics of irreversible
processes that adequately describe transport phenomena under
most experimental conditions are not very satisfactory for chemical
reactions [4]. In general, large deviations from linear behaviour are
observed for chemical reactions. Nonlinearity has been introduced in
the reaction rate expression by focusing on the diagonal contribution
due to stress-free chemical kinetics, not the contribution from normal
pressure stress. Hence, the diagonal (i.e., scalar) contribution to the
previous kinetic rate expression [i.e., Eq. (5)], based on differences
between chemical potentials (i.e., the affinity), has been modified via
Eq. (1) which corresponds to a second-order stress-free nonlinear rate
law for biochemical reactions. The linear cross-term that accounts for
pressure-sensitivity, relative to ambient and position-averaged hydro-
static pressure, should be appropriate at moderately low levels of
centrifugal force that contribute to an increase in normal stress at the
cylindrical wall. The form of Eq. (5) is sufficiently flexible to account
for pressure effects at the active surface that might change the
reaction pathway or the products of nutrient consumption if another
parallel pathway were equally important, relative to the stress-free
kinetic contribution. It should be emphasized that the linear laws of
irreversible thermodynamics do not support the inclusion of pressure-
dependence in the stress-free kinetic rate constant (i.e., ξA1 or α) for
nutrient consumption in pressure-sensitive systems. This is analogous
to the fact that temperature-dependent diffusivities in Fick's first law
(i.e., concentration diffusion) are not adequate to describe thermal
diffusion, because an additional term that contains the gradient of
temperature is required for coupled heat and mass transfer [6,7]. In
contrast, transition state theory identifies the volume of activation, or
the difference between partial molar volumes of the activated
complex and all of the reactants, as the important factor that governs
the pressure dependence of kinetic rate constants for gas phase
reactions [13]. Volume changes that accompany the formation of the
activated complex provide the dominant contribution to an exponen-
tial modification factor for kinetic rate constants at higher pressure
[5,13]. The extrapolation to heterogeneous pressure-sensitive reac-
tions in Eq. (5) does not follow the transition-state model which
includes the volume of activation because pressure effects that might
change the reaction pathway require an additive contribution to the
rate law. Furthermore, the stoichiometry of nutrient consumption (i.e.,
mass of oxygen consumed per mass of nutrients consumed, εOxygen/
εNutrient, and mass of cells generated per mass of nutrient consumed,
εCell/εNutrient) might be different for stress-dependent rates of nutrient
consumption relative to the stress-free consumption rates. Zeroth-
order mechano-sensitive rates of nutrient consumption do not require
stoichiometry to quantify the kinetic rate expression, but the initial
condition should be modified to guarantee that a sufficient amount of
oxygen is available for aerobic nutrient consumption.
5. Tangential fluid velocity for surface-driven flow with
non-reversing angular velocity modulations

Unidirectional oscillatory motion of the cylindrical wall simulates
steady and pulsatile normal stress on anchorage-dependent bone
cells. The tangential fluid velocity component vΘ scales linearly with
radial position r via solid-body rotation at the interface between the
nutrient medium and the cylindrical wall. The strategy to introduce
physiological dynamic normal stress into this rotational bioreactor is
accomplished by superposing modulated rotation and steady rotation
[14]. Time-dependent unidirectional angular displacement Θ(t) and
non-reversing angular velocity dΘ/dt of the cylindrical wall are
expressed as follows and illustrated in Fig. 1;

Θ tð Þ =Xt + 1
2
A t−

sin ωtð Þ
ω

� �
dΘ
dt

=X + Asin2
1
2
ωt

� �
:

ð6Þ

Modulation frequencyω=2πυHeart (i.e., υHeart≈1 cycle/s) in Eq. (6) is
the dominant frequency in the power spectrumwhen one considers the
coupling between cardiac and respiratory oscillators in the regulation of
blood flow, superimposed on random noise [15]. The volume of blood
displaced per heartbeat is proportional to the peak-to-peak amplitude A
([=] rad/s) of dynamic angular velocity modulations [16], superimposed
on steady rotation due toΩ. Timedependence of tangential fluidmotion
at the cylindrical wall mimics non-reversing harmonic modulations of
thewall, according to the functional form of dΘ/dt in Eq. (6) and the no-
slip condition, such that anchorage-dependent cells bound to active
protein sites experience no shear stress, based on Newton's law [12]. If
cells remain anchored to active protein sites, then there should be no
conflict between the no-slip condition and elastic cell response in the
presence of normal stress [17]. The enhancement in nutrient consump-
tion due to the combined effects of steady and dynamic normal stress
[18–20] is analogous to the increased sensitivity of calorimeter response
during modulated differential scanning calorimetry experiments. The
combination of steady and dynamic rotation of the cylindrical wall
induces tangential fluid motion via Eq. (7);

vΘ r; tð Þ = f rð ÞdΘ
dt

: ð7Þ

Solid-body analysis of the rotating cylinder at r=Rwall reveals that
f (r)=r, which is consistent with the no-slip assumption and eliminates
all components of viscous stress for Newtonian fluids [12], because the
wall is in a state of pure rotation. The Θ-component of the Equation of
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Motion is satisfied in the creeping flow regime. Unless one seeks
viscoelastic information associatedwith periodicmotion of thewall, it is
not necessary to describemodulations in angular displacement, angular
velocity of the cylindrical wall, or the tangential linear fluid velocity
component via exp{iωt}, with subsequent analysis of the real and
imaginary responses. Hence, dynamic shear-free fluid motion with
time-dependent pressure stress is described as follows;

vΘ r; tð Þ = r X + Asin2
1
2
ωt

� �� �
: ð8Þ

However, the viscous nature of the nutrient mediumwill introduce
an oscillatory time lag that could be quantified via implementation of
the “exp{iωt}-method" and consideration of ρ∂V∂/∂t on the left side of
the Θ-component of the Equation of Motion. The importance of ρ∂V∂/∂t
relative to viscous forces (i.e., oscillatory forces that produce an
accumulation ofmomentum relative to force due to viscousmomentum
flux) scales as the product of the Reynolds and Strouhal numbers, which
reduces toω(Rwall)2/(μ/ρ) ≈18π/5 for this “rotating-cup" bioreactor using
the parameters described in the footnote to Table 1 (i.e., Rwall is the
characteristic length). Steady and dynamic angular velocity of the wall
should be restricted to ensure that the creeping flow requirement is
satisfied at r=Rwall. Upon implementing a time-averaging procedure
over onecycle of angular velocitymodulations to estimate the tangential
fluid velocity, the Reynolds number is constructed as follows;

Re =
ρ
μ
Rwall

ω
2π

∫
2π
ω

0
vΘ r = Rwall; tð Þdt

( )
=
ρωR2

wall

2πμ
Θ t =

2π
ω

� �
−Θ t = 0ð Þ

� �

=
ρR2

wall

μ
X +

1
2
A

� �
: ð9Þ

Table 1 summarizes the effect of the peak-to-peak amplitude of
angular velocity modulations in vΘ via Eq. (8) on the Reynolds number in
Eq. (9). Hence, one predicts Reynolds numbers on the order of unitywhen
thepeak-to-peakamplitudeof angular velocitymodulations is the sameas
the magnitude of the angular velocity for steady rotation (i.e., 0.42 rad/s).

6. Normal pressure stress at the cylindrical wall

If the z-axis of the cylindrical configuration is vertical and
independent variable z increases downward, such that gz=g and
both gr and gΘ vanish, then the r- and Θ-components of the Equation
of Motion reveal that fluid pressure depends on radial position r, due
to centrifugal forces, and axial position z, due to gravity. It is difficult
to impose a pressure gradient in the Θ-direction without the
existence of normal viscous stress, like τθθ. One estimates modula-
tions in fluid pressure at the cylindrical wall via qpartial integrationq,
as illustrated in Eq. (10), with assistance from Eq. (8);

Ap
Ar

= ρ
v2Θ
r

= ρr X + Asin2
1
2
ωt

� �� �2
Ap
Az

= ρg

p r = Rwall; z; tð Þ = p r = 0; z = 0ð Þ + 1
2
ρR2

wall X + Asin2
1
2
ωt

� �� �2
+ ρgz:

ð10Þ

7. Diffusion equation for nutrient mass density

Bioreactor performance is established by calculating the mass
density of nutrients from the diffusion equation (i.e., Fick's second
Table 1
Dependence of the Reynolds number on the peak-to-peak amplitude of angular velocity
modulations of the cylindrical wall in rotational bioreactors

A [rad/s] 0 0.25 0.42 0.50 0.75 1.00

Reynolds # 0.76 0.98 1.13 1.21 1.43 1.66

Parameters; Rwall=3 mm, Ω=0.42 rad/s, ωHeart=2π rad/s.
µ/ρ=5×10−2 cm2/s.
law). Chemical reaction occurs only on the inside wall of the cylinder,
which defines the interface between anchorage-dependent bone cells
and the aqueous medium. Hence, nutrient consumption appears in the
boundary conditions, but not in the mass balance [5]. The isothermal
unsteady state diffusion equation is written in cylindrical coordinates;

AρNutrient

At
=DNutrient

1
r
A

Ar
r
AρNutrient

Ar

� �
ð11Þ

where ρNutrient corresponds to nutrient mass density, and DNutrient is a
concentration-independent molecular diffusion coefficient for nutri-
ents in the aqueous culture medium. The axisymmetric nature of this
bioreactor justifies the neglect of tangential convective mass transfer
of nutrients, even though vΘ≠0 [21].

7.1. Zeroth-order pressure-sensitive rates of nutrient consumption at the
cylindrical wall

A qualitative description of the boundary conditions considers a
balance between the rate of nutrient transport toward the surface via
molecular mass transfer and the rate of nutrient consumption that
contains stress-free and pressure-sensitive contributions. The math-
ematical expression for this balance at r=Rwall is;

−DNutrient
AρNutrient

Ar

� �
r = Rwall

= k2;Surface ρNutrientf gr = Rwall
ρOxygen

n o
r = Rwall

+ γH ρNutrient r = Rwall; tð Þf gH ρOxygen r = Rwall; tð Þ
n o

p r = Rwall; hzi; tð Þ−p r = 0; z = 0ð Þ−ρghzif g:

ð12Þ

Both processes have dimensions of nutrient mass per area of active
protein sites per time, and the Onsager coupling coefficient γ has
dimensions of inverse velocity. The pressure-sensitive contribution to
the rate of nutrient consumption in Eq. (12) is classified as a zeroth-
order reaction because it does not exhibit explicit dependence on the
mass density of any species. However, this term must be extinguished
when nutrients and oxygen (i.e., after a reasonable time lag when
anaerobic proliferation is no longer feasible) are not available for
immediate consumption by anchorage-dependent cells due to
extreme diffusion-limited conditions in the aqueous medium. Zer-
oth-order rate laws must vanish in the absence of reactants [5]. This
conceptual problem with the mathematical form of zeroth-order
chemical reactions can be circumvented with assistance from Heavi-
side step functions, H{ρNutrient(r=Rwall,t)}, that terminate pressure-
sensitive rates of nutrient consumption when reaction is sufficiently
faster than radial diffusion at large Damköhler numbers. Computa-
tions that exclude step functions in the pressure-sensitive rate of
nutrient consumption are vulnerable to the prediction of unrealistic
negative species concentrations at the active boundary. Zero-flux, or
symmetry, is invoked at r=0.

8. Dimensionless equations for unsteady-state radial diffusion
with pressure-sensitive rates of nutrient consumption at the wall

8.1. Dimensionless variables and parameters

These design equations include radial diffusion and 2nd-order
rates of nutrient consumption that depend on nutrient and oxygen
mass density near the cylindrical wall. The problem description
contains two important dimensionless parameters; (i) the ordinary
Damköhler number, β0, for stress-free heterogeneous chemical
reactions (i.e., stress-free reaction rate divided by rate of radial
diffusion), and (ii) the Damköhler number βpressure for pressure-
sensitive heterogeneous chemical reactions at the cell/aqueous-



Fig. 2. Dimensionless bulk nutrient mass density profiles in rotational bioreactors at
various pressure-sensitive Damköhler numbers when stress-free nutrient consumption
follows 1st-order irreversible kinetics that depend only on nutrient mass density at the
cylindrical wall. The legend should be interpreted as the ratio of the pressure-sensitive
Damköhler number to the stress-free Damköhler number. This ratio increases from the
uppermost curve to the lowermost curve, with no angular velocity modulations (i.e.,
A=0). The critical value of the pressure-sensitive Damköhler number is between 10%
and 20% of the stress-free Damköhler number. Parameters: dimensionless step size in
the r-direction, Δη=0.010; dimensionless step size in time, Δτ=6.4x10−2.
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medium boundary (i.e., normal-stress-dependent rate of reaction
divided by the rate of nutrient diffusion toward anchorage-dependent
cells). The angular velocity Ω of the cylindrical wall is a convenient
experimental variable that allows one to perform systematic para-
metric sensitivity simulations based on the pressure-sensitive
Damköhler number. If the characteristic length is Rwall, then;

Temporal independent variable; t =
τR2

wall

DNutrient
Radial independent variable; r = ηRwall
Nutrient mass density; ρNutrient = ρNutrient;Bulk t = 0ð ÞWNutrient
Oxygen mass density; ρOxygen = ρNutrient;Bulk t = 0ð ÞWOxygen

Stress−free Damkohler number nth−order
� 	

; β0; =
Rwallkn;Surfaceρn−1

Nutrient;Bulk t = 0ð Þ
DNutrient

Pressure−sensitive Damkohler number;

βpressure =
γRwall p r = Rwall; hzi;A = 0ð Þ−p r = 0; z = 0ð Þ−ρghzif g

DNutrientρNutrient;Bulk t = 0ð Þ

=
γρX2R3

wall

2DNutrientρNutrient;Bulk t = 0ð Þ :

ð13Þ

The pressure-sensitive Damköhler number is constructed in terms
of the centrifugal force contribution to fluid pressure at the cylindrical
wall, with no modulations [i.e., A=0 in Eq. (10)].

8.2. Dimensionless diffusion equation

Nutrient mass density must satisfy the following partial differ-
ential equation via Fick's second law in cylindrical coordinates;

AWNutrient

Aτ
=
1
η

A

Aη
η
AWNutrient

Aη

� �
: ð14Þ

The temporal derivative (i.e., with respect to t, or τ) is written using
first-order-correct finite differences, whereas radial diffusion toward
the aqueous protein coating on the cylindrical wall [i.e., 2nd-derivative
with respect to r, or η, on the right side of Eq. (14)] is implicit at the new
time step using second-order-correct finite-difference analogs.

8.3. Separability of the diffusion equation

It is possible to identify the nature of the radial and temporal
functions [i.e., F(η) and G(τ), respectively] that represent a separation-
of-variables solution to Eq. (14), prior to generating numerical results.
If ΨNutrient(η,τ)=F(η)G(τ), then the dimensionless diffusion equation
reveals that;

dlnG
dτ

= −χ2 Z G τð Þ≈exp −χ2τ
� �

d
dη

η
dF
dη

� �
+χ2ηF ηð Þ = 0

ð15Þ

where χ is real such that −χ2 is a negative separation constant which
prevents G(τ) from increasing unrealistically in unbounded fashion at
large time. F(η) is given by zeroth-order Bessel functions of the 1st
kind [i.e., J0(χη)].

8.4. Dynamic bioreactor analysis via the periodic boundary condition at
the wall

Modulations of the cylindrical wall that simulate dynamic normal
stress introduce time dependence into the reaction/diffusion bound-
ary condition at r=Rwall. The dimensionless boundary conditionwhich
represents a balance between nutrient diffusion in the radial
direction, toward the wall, and nutrient consumption contains both
types of Damköhler numbers. All of the required boundary conditions
are summarized below;

WNutrient = 1@τ = 0; 0 � η b 1

AWNutrient

Aη

� �
η = 0

= 0

−
AWNutrient

Aη

� �
η = 1

= β0WNutrient η = 1; τð ÞWOxygen η = 1; τð Þ +H WNutrient η = 1; τð Þf g

H WOxygen η = 1; τð Þ� �
βpressureC η = 1; t;ωð Þ

C η; t;ωð Þ = p r; hzi; tð Þ−p r = 0; z = 0ð Þ−ρghzi
p r = Rwall; hzi;A = 0ð Þ−p r = 0; z = 0ð Þ−ρghzi = η2 1 +

A
X
sin2

1
2
ωt

� �� �2

:

ð16Þ

9. Evaluation of bioreactor performance

The most effective bioreactor design depletes nutrients and
proliferates cells most rapidly under physiological conditions, yielding
the smallest volume-averaged bulk nutrient mass density at time t,
which is defined as follows;

ρNutrient;Bulk tð Þ =
2πL ∫

Rwall

r = 0
ρNutrient r; tð Þrdr
πR2

wallL
= 2 ∫

η = 1

η = 0
ρNutrient η; tð Þηdη: ð17Þ

If the separation-of-variables solution for ΨNutrient(η,τ), given by
Eq. (15), is valid, then bulk nutrient mass density defined by Eq. (17)
scales as exp(−χ2τ).

ρNutrient;Bulk tð Þ≈ρNutrient;Bulk t = 0ð Þexp −χ2τ
� �

∫
η = 1

η = 0
J0 χηð Þηdη: ð18Þ

10. Computer simulations

10.1. Effect of steady rotation (i.e., Ω in βpressure) on nutrient consumption
for simple 1st-order and complex 2nd-order stress-free kinetics

Bulk nutrient mass density profiles in the presence of steady
rotation (i.e., A=0) and constant normal stress at the cylindrical wall
are illustrated in Fig. 2 vs. dimensionless time for 1st-order irreversible
stress-free kinetics. The rate of nutrient consumption depends linearly



Fig. 3. Dimensionless bulk nutrient mass density profiles in rotational bioreactors at
various pressure-sensitive Damköhler numbers when stress-free nutrient consumption
follows complex 2nd-order irreversible kinetics described by Eq. (1). The legend should
be interpreted as the ratio of the pressure-sensitive Damköhler number to the stress-
free Damköhler number. This ratio increases from the uppermost curve to the
lowermost curve, with no angular velocity modulations (i.e., A=0). The critical value
of the pressure-sensitive Damköhler number is approximately 1% of the stress-free
Damköhler number. Parameters: dimensionless step size in the r-direction, Δη=0.010;
dimensionless step size in time, Δτ=6.4×10−2. Nutrient molecular weight=1000
daltons; diffusivity ratio, δDiffusivity≈ {32/1000}0.5; initial mass ratio of oxygen
consumed to mass of nutrients, ρOxygen(t=0) /ρNutrient(t=0)=0.07 (i.e., 7%); ratio of
mass of oxygen consumed to mass of nutrients consumed by cells adhered on protein-
coated surface at the cylindrical wall, εOxygen/εNutrient=0.04 (i.e., 4%).

Fig. 4. Dimensionless bulk nutrient mass density profiles in rotational bioreactors
when stress-free nutrient consumption follows complex 2nd-order irreversible
kinetics described by Eq. (1) and the pressure-sensitive Damköhler number is below
its critical value, determined via simulations in Fig. 3. The effect of dynamic normal
stress, superimposed on steady rotation at 0.42 rad/s, is operative when the peak-to-
peak amplitude of angular velocity modulations at 1 Hz matches the magnitude of
steady rotation (i.e., A=Ω in the lowest curve). Parameters: dimensionless step size in
the r-direction, Δη=0.010; dimensionless step size in time, Δτ=6.4x10−2; nutrient
molecular weight=1000 Da; diffusivity ratio, δDiffusivity≈{32/1000}0.5; initial mass ratio of
oxygen to nutrients, ρOxygen(t=0)/ρNutrient(t=0)=0.07 (i.e., 7%); ratio of mass of oxygen
consumed tomass of nutrients consumedbycells adhered onprotein-coated surface at the
cylindrical wall, εOxygen/εNutrient=0.04 (i.e., 4%).
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on nutrient mass density at the cylindrical wall. The stress-free
Damköhler number (i.e., β0,1st-order) is 0.025, indicative of a diffusion
time constant (i.e., R2wall/DNutrient) that is 40-fold shorter than the time
constant for chemical reaction (i.e., Rwall/k1,Surface). Hence, these
simulations in Fig. 2 do not represent the diffusion-controlled regime
because the active surface at the cylindrical wall is not starved of
nutrients or oxygen. The shape of these bulk nutrient mass density
profiles is consistent with Eq. (18). The critical pressure-sensitive
Damköhler number (i.e., βpressure,critical) is between 10% and 20% of the
stress-free Damköhler number. Hence, βpressure,critical≈3–5x10−3 when
β0,1st-order is 0.025. When βpressure is larger than its critical value, one
should include stress-sensitive zeroth-order nutrient consumption in
the boundary condition at the cylindrical wall.

For complex second-order stress-free nutrient consumption
described by Eq. (1), the effects of steady rotation and constant normal
stress are illustrated in Fig. 3 vs. dimensionless time. The stress-free
Damköhler number (i.e., β0,2nd-order) has been increased 16-fold from
0.025 in Fig. 2 to 0.40 in Fig. 3 to achieve essentially the same stress-free
nutrient consumption (≈40%) in Figs. 2 and 3 for a dimensionless
observation time of 10. This combination of β0,2nd-order=0.40 and τ=10
corresponds to observation times t on the far right side of Fig. 3 that are
4-fold larger than the time constant for chemical reaction. Once again,
bulk nutrient mass density profiles in Fig. 3 are not indicative of the
diffusion-controlled regime, because the stress-free Damköhler number
of 0.40 indicates that the diffusion time constant (i.e., R2wall/DNutrient) is
2.5-fold shorter than the time constant for 2nd-order chemical reaction
[i.e., Rwall/{k2,SurfaceρNutrient,Bulk(t=0)}]. Simulations in Fig. 3 reveal that
the critical pressure-sensitive Damköhler number βpressure,critical,
above which stress-sensitivity in the reaction/diffusion boundary
condition at the cylindrical wall must be considered, is approxi-
mately 1% of the stress-free Damköhler number. Hence, βpressure,-
critical≈4x10−3 when β0,2nd-order =0.40, indicating that the critical
pressure-sensitive Damköhler number for zeroth-order stress-
sensitive reactions is not affected much by the kinetic model for
stress-free nutrient consumption, because 10–20% of β0,1st-order in
Fig. 2 is essentially the same as 1% of β0,2nd-order in Fig. 3.
11. Effect of the amplitude of angular velocity modulations [via A
in Γ(η,t;ω)] on nutrient consumption for complex stress-free
kinetics

These simulations include time dependence in the reaction/
diffusion boundary condition at the rotating cylindrical wall, due to
angular velocity modulations and the effect of centrifugal force on
fluid pressure. The primary objective is to demonstrate that stress-
sensitive nutrient consumption must be included in this boundary
condition when modulated rotation is superimposed on steady
rotation, and the pressure-sensitive Damköhler number is below its
critical value that has been determined from steady rotation
simulations in Fig. 3. Bioreactor performance at sub-critical Damköh-
ler numbers in Fig. 4 when A=Ω=4 revolutions/min. is distinguishable
from the stress-free nutrient consumption profile because centrifugal-
force-induced pressure-sensitive response scales as the square of
angular velocity modulations. Bulk nutrient mass density oscillations
at 1 Hz are observed in the lower curve of Fig. 4 when the peak-to-
peak amplitude of angular velocity modulations (i.e., A) matches the
magnitude of steady rotation Ω, but no other effects of frequency on
the rate of nutrient consumption are predicted. This deficiency in the
pressure-sensitive dynamic model is addressed in the next section.

12. Auto-correlation of normal stress modulations via the
fluctuation-dissipation theorem identifies frequency-dependent
nutrient consumption rates

Another approach to describe the effect of modulation frequency
on nutrient consumption is discussed from the viewpoint of energy
dissipation and entropy generation. According to Callen and Welton
[22], systems exhibit dissipative characteristics if they are capable of
absorbing energy in response to perturbations that fluctuate periodi-
cally in time. For systems under the influence of time-dependent
excitations, the fluctuation-dissipation theorem relates correlation
functions for periodic disturbances to dissipation processes that
generate entropy [4]. If the dimensionless time-dependent ratio of
fluid pressure, with and without angular velocity modulations,



105L.A. Belfiore et al. / Biophysical Chemistry 140 (2009) 99–107
experienced by anchorage-dependent cells at the cylindrical wall [i.e.,
Γ(η,t;ω) in Eq. (16)] is auto-correlated via time-averaging over one
cycle of oscillation, then;

σ η = 1;ω; τð Þ = hC η = 1; t;ωð ÞC η = 1; t + τ;ωð ÞitimeQaveraged

=
ω
2π

∫
2π
ω

0
C η = 1; t;ωð ÞC η = 1; t + τ;ωð Þdt:

ð19Þ

In Eqs. (19)–(22), τ is a dimensional time variable used to auto-
correlate and Fourier transform dynamic normal stress at the
cylindrical wall via angular velocity modulations. One-sided Fourier
transformation of σ (η=1,ω,τ) yields a complex power spectrum S(ω)
via the Wiener-Khinchin-Einstein theorem [4]. Hence;

S ωð Þ = ∫
τZ∞

τ = 0
σ η = 1;ω; τð Þexp −iωτð Þdτ

= ∫
τZ∞

τ = 0
σ η = 1;ω; τð Þcos ωτð Þdτ−i ∫

τZ∞

τ = 0
σ η = 1;ω; τð Þsin ωτð Þdτ:

ð20Þ

The fluctuation-dissipation theorem allows one to express the real
and imaginary parts of S(ω) in terms of the imaginary and real parts,
respectively, of a complex susceptibility κ(ω);

κ ωð Þ = iωS ωð Þ =ω ∫
τZ∞

τ = 0
σ η = 1;ω; τð Þsin ωτð Þdτ

+ iω ∫
τZ∞

τ = 0
σ η = 1;ω; τð Þcos ωτð Þdτ:

ð21Þ

The real and imaginary parts of κ(ω) are related by the Kramers-
Kronig theorem [4,23,24]. The imaginary part of κ(ω) represents the
frequency-dependent absorption or energy dissipation function [25] for
pulsatile normal stress experienced by anchorage-dependent cells
attached to the cylindrical wall. Hence, the cosine transform of the
auto-correlation function for angular velocity modulations, via centrifu-
gal force contributions to fluid pressure, maps out the characteristic
frequencies of periodic disturbances associated with entropy generation.
The fluctuation-dissipation theorem in non-equilibrium thermody-
namics provides an alternate route to quantify the effect of dynamic
normal stress on enhanced rates of nutrient consumption, in response to
pulsatory disturbances at higher frequency. The reaction/diffusion
boundary condition at the cylindrical wall is written as follows;

−DNutrient
AρNutrient

Ar

� �
r = Rwall

= k2;Surface ρNutrientf gr = Rwall
ρOxygen

n o
r = Rwall

+ γ0H ρNutrient r = Rwall; tð Þf gH ρOxygen r = Rwall; tð Þ
n o

ω ∫
τZ∞

τ = 0
σ η = 1;ω; τð Þcos ωτð Þdτ: ð22Þ

where the modified Onsager coefficient γ' has dimensions of mass per
area of active protein sites per time. The essence of the fluctuation-
dissipation theorem in statistical physics [4,26] focuses on periodic
involuntary fluctuations in cardiovascular flow that can be auto-
correlated and Fourier transformed to reveal how these disturbances
contribute to pressure-sensitive rates of nutrient consumption at the
cylindrical wall. Hence, frequency dependence of periodic cardiovas-
cular stress can be included in the reaction/diffusion boundary
condition.
It is not unreasonable to suspect that truncation errors in the numerical approximation of 1st- and 2nd-derivatives might accumulate in the
13. Self-consistent check of the microscopic solutions via the unsteady state macroscopic mass balance

computational scheme used to integrate the diffusion equation, together with diffusion and reaction at the cylindrical wall. In the absence of exact
analytical solutions, the following internal self-consistent approach was employed to verify accuracy of the microscopic results. One integrates
the diffusion equation [i.e., Eq. (11) or (14)] over the macroscopic volume of this rotational bioreactor (i.e., πR2wallL). The volume integral of the
divergence of diffusional flux is converted to surface integrals via Gauss’ law. Then, diffusional mass flux of nutrients evaluated at the cylindrical
wall is replaced by the rate of nutrient consumption via the diffusion/reaction boundary condition [i.e., Eq. (12) or (16)] to obtain the following
unsteady state macroscopic balance for bulk nutrient mass density;

−πR2
wallL

dρNutrient;Bulk

dt
= 2πRwallL

k2;Surface ρNutrientf gr = Rwall
ρOxygen

n o
r = Rwall

+

γH ρNutrient r = Rwall; tð Þf gH ρOxygen r = Rwall; tð Þ
n o

p r = Rwall; hzi; tð Þ−p r = 0; z = 0ð Þ−ρghzi½ �

8<
:

9=
;: ð23Þ

The dimensionless version of Eq. (23) is;

dWNutrient;Bulk

dτ
= −2

β0 WNutrientf gη = 1 WOxygen
� �

η = 1 +
βpressureH WNutrient η = 1; τð Þf gH WOxygen η = 1; τð Þ� �

C η = 1; τ;ωð Þ

( )
: ð24Þ

Finite-difference solutions of the diffusion equation with diffusion and reaction at the cylindrical wall yield a discrete local nutrient mass
density profile, ρNutrient(r,t), that is (i) evaluated at r=Rwall (i.e., η=1) to predict rates of nutrient consumption by anchorage-dependent cells
bound to a protein-coating, and (ii) integrated over the total volume of the system to generate bulk nutrient mass density, ρNutrient,Bulk(t) via Eq.
(17). Then, ρNutrient,Bulk is differentiated numerically with respect to time to obtain the quantity on the left side of Eq. (23). All finite-difference
results generated in this investigation exhibit internal self-consistency and satisfy the unsteady state macroscopic mass balance to within 3x10−4

%, via the ratio of the left-side to the right-side of Eq. (24).
14. Unusual characteristics of this bioreactor analysis

There are a few aspects of this investigation that deviate
significantly from the traditional design of ordinary batch chemical
reactors. (1) Kinetic rate expressions that describe nutrient consump-
tion are modified for normal-stress-sensitive reactions, based on an
extension of the formalism of scalar cross-phenomena in the
thermodynamics of irreversible processes. (2) Pressure-sensitive
zeroth-order contributions to the rate of nutrient consumption are
quenched via Heaviside step functions when cells are starved of either
nutrients or oxygen due to extreme diffusion-controlled conditions
within the diffusion boundary layer adjacent to the aqueous protein
coating on the cylindrical wall. (3) Flexibility in the rate of nutrient
consumption for pressure-sensitive biological systems is included to
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account for centrifugal-force-induced increases in normal stress at the
active surface that might affect the reaction pathway, the stoichio-
metry of nutrient consumption, and/or the products of nutrient
consumption if another parallel pathway is equally important. (4) The
complete problem description is developed in terms of mass density,
not molar density, because cell physiology and the cascade of events
that describe nutrient consumption are treated phenomenologically
via analogous processes in heterogeneous catalysis.

15. Conclusions

There have not been many predictive simulations that focus on the
interplay between diffusion and reaction in biological systems, when
nutrient consumption by anchorage-dependent cells exhibits stress-
sensitivity. In this research contribution, the effect of centrifugal-
force-induced steady and dynamic normal stress on rates of nutrient
consumption by bone cells adhered to active protein sites on the
inside wall of a “rotating-cup” bioreactor has led to the identification
of the critical pressure-sensitive Damköhler number. Above this
critical ratio of the normal-stress-sensitive zeroth-order rate of
nutrient consumption relative to the rate of nutrient diffusion toward
anchorage-dependent mammalian cells at the boundary of the
rotating-cylinder configuration, one must include contributions from
compressive stress in the reaction/ diffusion boundary condition to
obtain accurate predictions of reactor performance.

Curie's law in non-equilibrium thermodynamics states that rates of
chemical reaction are coupled, in principle, to some scalar representa-
tion of the velocity gradient tensor [2–5]. This coupling has been
extended to describe the effect of centrifugal-force-induced dynamic
normal stress on nutrient consumption in rotational bioreactors when
compressive stress stimulates cell proliferation. Based on formalism in
the thermodynamics of irreversible processes, one adds a stress-
sensitive rate of consumption to standard stress-free rates, where the
latter contain nonlinear effects via the analogy with heterogeneous
catalysis. Theoretical analysis and computer simulations of nutrient
mass density in “rotating-cup” bioreactors, based on Fick's second law
of diffusion with a time-dependent reaction/diffusion boundary
condition at the cylindrical wall, allow one to identify conditions when
stress-sensitive nutrient consumption cannot be neglected. Complex
2nd-order stress-free kinetics require the presence of nutrients and
oxygen at the cylindrical wall, for consumption to spawn proliferation.
Under these conditions, stress-sensitive ratios of consumption rate to
diffusion rate should be greater than1%of the analogous stress-free ratio
before bioreactor designs must consider mechano-sensitive zeroth-
order contributions to the overall rate of nutrient consumption. The
absolute magnitude of the critical pressure-sensitive Damköhler
number βpressure,critical for zeroth-order stress-sensitive reactions is not
affected much by the kinetic model for stress-free rates of nutrient
consumption.When angular velocitymodulations of the cylindricalwall
are introduced tomimic physiological pulsations, simulations reveal that
pressure-sensitive rates of nutrient consumption could be important
when rotational bioreactors operate below βpressure,critical, which has
been identified under steady rotation. Rates of entropy generation from
the viewpoint of the fluctuation-dissipation theorem and non-equili-
brium thermodynamics are invoked to provide a better description of
the effect of pulsation frequency on pressure-sensitive rates of nutrient
consumption in the reaction/diffusion boundary condition at the
rotating cylindrical wall.

Nomenclature
A peak-to-peak amplitude of angular velocity modulations of

the cylindrical wall at r=Rwall (i.e., A≤0.42 rad/s)
DNutrient ordinary molecular diffusion coefficient of nutrients in

aqueous mixtures; length2 per time
DOxygen ordinary molecular diffusion coefficient of dissolved oxygen

in aqueous mixtures; length2 per time
F(η) radial contribution to the separation-of-variables solution
for dimensionless nutrient mass density, ΨNutrient(η,τ)

gi,ForceField force per unit mass exerted on species i due to the
gravitational field

G(τ) temporal contribution to the separation-of-variables solu-
tion for dimensionless nutrient mass density, ΨNutrient(η,τ)

H(x) Heaviside step function
J0(χη) zeroth-order Bessel function of the 1st-kind; radial con-

tribution to the separation-of-variables solution for nutrient
mass density

jA,Diffusion diffusional mass flux of species A; dimensions of species
mass per area-time

k1,Surface kinetic rate constant for 1st-order stress-free nutrient
consumption; length/time

kn,Surface kinetic rate constant for stress-free heterogeneous rate of
nutrient consumption via nth-order reaction (i.e., n=2) that
depends on nutrient and oxygen mass density at the
cylindrical wall; {volume/mass}n−1•length/time

L length of the cylindrical bioreactor
MWi molecular weight of species i
qConduction molecular flux of thermal energy; dimensions of energy

per area-time
r independent radial variable that increases as one moves

toward the wall of the “rotating-cup” bioreactor
Δr step size in the radial direction, between grid points
−RA,SurfaceRx stress-free heterogeneous rate of nutrient consumption;

mass per area-time
Rwall radius of the cylindrical bioreactor
sG rate of entropy generation in binary mixtures; dimensions

of entropy per volume-time
S frequency-dependent spectral density or power spectrum

obtained via Fourier transformation of the auto-correlation
function for dimensionless pressure modulations

t independent time variable
T absolute temperature
v velocity vector
∇v velocity gradient tensor
{∇v}T transpose of the velocity gradient tensor
vΘ tangential-component of the localfluid velocity vector, vΘ(r,z)
bzN average depth of the cylindrical bioreactor in the z-direction

(vertically downward)

Greek symbols

∇ gradient operator
β0 stress-free Damköhler number for nutrient consumption by

nth-order kinetics
βpressure pressure-sensitive Damköhler number for nutrient con-

sumption by zeroth-order kinetics
βpressure,critical critical value of the pressure-sensitive Damköhler

number, above which, one must include stress-
sensitive nutrient consumption in the boundary
condition at the rotating cylindrical wall

γ Onsager off-diagonal coefficient that couples normal pres-
sure stress to the rate of nutrient consumption, dimensions
of inverse velocity (i.e., time/length)

γ' Onsager off-diagonal coefficient that couples dimensionless
normal pressure modulations to the rate of nutrient
consumption; mass per area-time

δDiffusivity nutrient/oxygen diffusivity ratio; DNutrient/DOxygen≈ {32/
1000}0.5

εCell/εNutrient ratio of cell mass produced relative to nutrient mass
depleted during nutrient consumption and cell
proliferation

εOxygen/εNutrient ratio of oxygen mass depleted relative to nutrient
mass depleted during nutrient consumption

Θ angular displacement of the rotating cylindrical wall
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Γ dimensionless ratio of fluid pressure, with and without
angular velocity modulations

κ complex frequency-dependent susceptibility function
µi chemical potential of species i
η dimensionless spatial coordinate in the radial direction, r/

Rwall

υHeart frequency of physiological heartbeats, ≈1 cycle/s
ΨNutrient dimensionless mass density of nutrients in the aqueous

medium
ΨNutrient,Bulk dimensionless bulk mass density of nutrients in the

aqueous medium
ΨOxygen dimensionless mass density of dissolved oxygen in the

aqueous medium
ρNutrient mass density of nutrients in the aqueous medium; grams/cm3

ρNutrient,Bulk volume-averaged mass density of nutrients in the
aqueous medium

ρOxygen mass density of dissolved oxygen in the aqueous medium;
grams/cm3

σ auto-correlation function for dimensionless fluid pressure
modulations

τ dimensionless time; tDNutrient/R2wall

Δτ step size in dimensionless time
τViscousStress molecular momentum flux tensor; also, viscous stress

tensor
Θ angular spatial variable in cylindrical coordinates
ω angular frequency of physiological heartbeats, 2πυHeart ≈2π

rad/s
Ω constant angular velocity of the cylindrical wall that

contains bound cells, ≈4 rpm
χ real separation constant in Eq. (15)
ξA1 Onsager diagonal coefficient (i.e., αT) that couples the

affinity (i.e., φA) to the rate of nutrient consumption
ξA2 Onsager off-diagonal coefficient (i.e., γT) that couples the

magnitude of the velocity gradient tensor to the rate of
nutrient consumption
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